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Abstract—Fuzzy Linguistic Signatures (FLS) extend the
concept of Fuzzy Signatures (FSigs) by introducing linguistic
variables as qualitative descriptors within a hierarchical fuzzy
structure. Although fuzzy signatures have been successfully
applied in various domains, their reliance on numerical
membership degrees limits their ability to model subjective
or linguistically defined information. This paper establishes a
formal mathematical frame-work for FLS by defining a family
of fuzzy linguistic signatures equipped with suitable linguistic
aggregation operators and a partial ordering relation among
linguistic values. Furthermore, meet-and-join operators are
introduced to demonstrate that FLS satisfies the properties of a
lattice as an algebraic structure. Consequently, fuzzy linguistic
signatures provide an expressive representational framework
capable of handling qualitative, human-like reasoning.

Index Terms—Fuzzy Sets; Fuzzy Signature; Fuzzy Linguistic
Signature

[. INTRODUCTION

Fuzzy Signatures are multi-component fuzzy descriptors,
extensions of the original concept of fuzzy set [1] and of
Vector Valued Fuzzy Sets [5], with multi-level nested structure,
where sub-components may be arranged in sub-signatures,
according to closer interdependence or other ways of connect-
edness. Fuzzy sets are defined as follows:

Ap (X, pa - X = [0,1]). (1)

A vector valued fuzzy set (VFF set) is an extension of the
above:
Ay (X, pt e X —[0,1]™). ()

Here, the membership function maps each element of X into
an n-component vector, where each component is an element
of [0, 1]. This type of extended fuzzy set can be used when
there is a multitude of properties for the same elements, and
the i*® component of the membership vector expresses the
degree of belonging of the VFF set in the sense of the 7!
property.

Fuzzy Signatures (FSigs) are further extensions, namely,
where the components of the fuzzy membership degree vec-
tor may be arbitrary multi-dimensional vectors themselves,
thereby constructing a multilevel nested hierarchy of member-
ship degrees. FSigs may be conveniently represented either
by the mentioned nested vectorial structure or by a rooted
tree graph, where each nested vector corresponds to a sub-
tree, and the actual membership degrees are assigned to the
leaves. Equation (3) defines fuzzy signatures recursively: each
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component x; may be either a scalar membership degree in
[0,1] or a vector-valued membership function of the same
form, thereby inducing a finite rooted tree structure.:

M1
Asig (X sig sig H2 3
X o), p= 3)
fn
Where:
i
or
Hi1
i = Lhio and so on, recursively.
i3
Him

Fig. 1: Rooted tree for a FSigs

At the leaves, there may be membership functions of the re-
spective universe rather than a single membership degree. For
an exact mathematical definition and the algebraic structure
of fuzzy signatures, a special case of L-fuzzy objects/sets, see
[1]. Some aspects of the potential applications may be found in
[2], and the specific problem of modeling the traffic situation
in road networks was proposed in [3]. Linguistic variables
have been applied by Wong [2] to describe uncertain values
where even the exact fuzzy membership functions are hard to

43



mailto:nour.ammar%40edu.bme.hu?subject=
mailto:koczy%40tmit.bme.hu?subject=

INFOCOMMUNICATIONS JOURNAL

Fuzzy Linguistic Signatures

determine. The idea was first proposed by Zadeh [4] but was
later discussed by numerous publications [16].

However, in some cases, assigning membership values and
membership functions to the leaves is not feasible, thus they
require an extension of this structure. For instance, in [7]
the study aimed to analyze employee behavior, including
both organizational citizenship behavior (OCB) and counter-
productive work behavior (CWB). The study includes many
subjective components that cannot be easily represented in
a traditional, quantitative manner (e.g. altruism, courtesy and
complaints).

Thus, we assigned linguistic labels to these components
rather than membership degrees, where linguistic terms can
characterize the values of these variables, will be more suitable
to tackle this problem. This is the motivation to introduce
Fuzzy Linguistic Signatures (FLS).

II. THE CONCEPT OF LINGUISTIC FUZZY
SIGNATURES

Fuzzy systems were originally introduced to model systems
and situations with non-probabilistic uncertainty (vagueness).
However, in some areas, even the determination of fuzzy mem-
bership degrees and membership functions are not possible as
inputs and outputs of such a system. So, they are formulated
in natural language terms and expressions. To address this
issue, Zadeh first proposed the concept of fuzzy sets and
fuzzy systems, later introduced an even more human-friendly
modeling technique, namely linguistic variables [4].

According to Zadeh, a linguistic variable is a variable whose
values are words or sentences in a natural language rather
than numbers. It can be characterized by the quintuple-tuple
(X, T(X),U,G, M), where X is the variable; T'(X) is the
term set of X; U is the universe of discourse; GG is a syntactic
rule set that generates the terms in 7'(X); and M is a semantic
rule set that associates a meaning with each linguistic value
[ (i.e., M(l) denotes a fuzzy subset of U). For example, the
term set of the linguistic variable Age may be T'(Age) =
{very young, young, not young, extremely old} [4]. Such
linguistic-variable-based representations have been success-
fully employed in practical optimization and decision models,
including fuzzy assignment models formulated using linguistic
variables [17], [18].

Definition 1: Linguistic Variable

The above definition of linguistic variable may be simplified
by omitting G from the model, as the syntax of the model
will be restricted to a set of production rules, which may
be defined and represented in the form of lookup tables
(multidimensional tables) for associating output values to the
input combinations. Thus, the model may be reduced to a
quadruple (X,7(X),U, M).

Let us present a simple example. Let X be the linguistic
variable "Weather" with the three-value term set 7'(X) =
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{rainy, overcast, sunny}. In this context, U may be the universe
containing the percentage of the sky covered by clouds in
Cartesian product with the amount of precipitation. This seems
to be a reasonable formalization that helps map U to the unit
interval and thus generate a set of fuzzy membership functions,
formally by the mapping M. The meaning of a linguistic value
l is characterized by a membership function, which associates
its degree of compatibility with each v € U with the linguistic
value [ [14].

In the proposed structure, the structure of the rooted tree
itself represents the hierarchical organization of fuzzy lin-
guistic signatures (FLS) and is intentionally kept identical to
that of fuzzy signatures (FSigs). This design ensures structural
compatibility and allows direct comparison with the existing
fuzzy signature model. The novelty of FLS lies in the se-
mantic and algebraic nature of the linguistic values assigned
to the leaves and propagated through the hierarchy. Another
essential component of the FLS structure is the set of linguistic
aggregation operators assigned to the internal nodes.

The paper proposes a definition of fuzzy linguistic aggre-
gation operators that differs from earlier approaches in the
literature. In FLS, numerical membership degrees are replaced
by linguistic labels, which constitute a partially ordered set and
cannot, in general, be embedded into a numerical scale without
loss of meaning. To ensure this, aggregation at internal nodes
must be defined in a manner that is entirely linguistic and does
not rely on any numerical interpretation or mapping.

In the next section, a representation and reasoning frame-
work is presented that is fundamentally different from FSigs,
opening the door to computing with words [8] ,[15] within a
hierarchical structure. The key question that follows is what
kind of aggregation operators are capable of combining such
linguistic values into a single linguistic result while satisfying
the exact mathematical requirements?

A. Aggregation Operators for Fuzzy Linguistic Signatures

As mentioned above, Fuzzy Linguistic Signatures (FLS) are
represented by a tree structure where the leaves are assigned
linguistic values or labels, and intermediate nodes represent
the aggregation result for the leaves. In this paragraph, we
will review the definition of fuzzy aggregation operators and
partial order among linguistic values and then will address the
concept of linguistic aggregation as it appears in the literature
and attempt to formulate the potential approaches for linguistic
aggregations within FLS.

Definition 2: Aggregation Operators

Let (P, <, 1, T) be a bounded partially ordered set (poset),
where | and T denote the lower bound and upper bound
elements of P, respectively, such that

1 <p<T forallpe P.

An n-argument aggregation operator a : P" — P is an order-
preserving operator satisfying the following conditions:

MARCH 2026 « voLuME XVIII « NUMBER 1




INFOCOMMUNICATIONS JOURNAL

D oa(T,....,T)=T.
2) a(L,...,1)=1.
3) If z; < y; for all i, then

a(xy, ..., xn) < alyr,. - Yn)-

The first and second conditions are called boundary con-
ditions, and the third resembles the monotonicity property of
the operator.

Definition 3: Partial Order of Linguistic Values

Let us assume we have a set of linguistic labels L =
{L1,Ls,..., Ly}, where each label is represented by a vector:

Ly ={Li1,L12,...,L1;}

Ly = {Ls1,Loa, ..., Laj}
L3 = {L31, L32, ..., La}
Ln = {Lnlen% .. 7an}

The set L is partially ordered if there exists a relation <
for all pairs within L, and this relation satisfies the following
properties:

1) (ilvjlyklv"'7n1) S (i27j27k27"'7n2)
iy <ig, J1 < j2, and by < ko, ..., ng <.

2) They have an upper bound
(ilajlaklw"vnl)? (i27j27k27"'7n2) <

(max{iy,i2}, max{j1, jo }, max{ky, ka}, ..., max{ny, no})

3) and lower bound:
(i1, J1, k1, .o ma), (G2, Jo, b, - oo n2) >
(min{iy, 2}, min{j1, jo}, min{ky, ka2 }, ..., min{ny, no})

Let us discuss a simple example for illustrating the
partial order where not all the labels are directly compa-
rable. In this context, we use the supremum and infimum
operators to combine linguistic labels. Throughout this
section, we assume that the set of linguistic labels is fi-
nite and equipped with a bounded componentwise partial
order. Under this assumption, every finite subset admits
a well-defined infimum and supremum, given by the
componentwise minimum and maximum, respectively.
Consider two linguistic sets describing temperature and
humidity where Tem ={"Cold", "Medium”, “Warm”}
and Humidity={"Dry", "Moderate”, “Humid”}.
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Fig. 2: Partial order of humidity and temperatures

Figure 2 illustrates the partial order defined on the
Cartesian product of the linguistic variables temperature
and humidity. The tuple (C, D), corresponding to {Cold,
Dry}, represents the lower bound of the set, while
the tuple (W, H), corresponding to {Warm, Humid},
represents the upper bound. Tuples such as (W, D),
corresponding to {Warm, Dry}, and (M, M), corre-
sponding to {Medium, Moderate}, are incomparable,
although they share the same upper and lower bounds,
because the partial order on the Cartesian product is
defined component-wise and neither tuple dominates the
other in all dimensions.

Linguistic aggregations have a very wide literature; an
excellent overview is given in [9]. Numbers are assigned
to the linguistic labels; the 2-tuple over weighted aggre-
gation (TOWA), which is based on aggregation, utilizes
the Extension Principle rather than relying solely on
ordinal numbers [9]. Further extensions of the OWA by
Xu [10], among others, follow this principle. All these
operators share two common features: they are based
on the ordinal numbers assigned to the linguistic labels,
and they are related to the fuzzy OWA operators by
Yager [11].

While the importance of OWA aggregation is unde-
niable, it should be noted that fuzzy aggregation in-
cludes several other important types. Fuzzy t-norms
(intersections), t-conorms (unions), and various types
of mean operations (arithmetic, geometric, harmonic,
power means, etc.) also fall under this category, with the
OWA being a special case of these means. Additionally,
all kinds of hybrids may be defined, with the only
condition being that they satisfy the original definition
of fuzzy aggregations. Let us here recall the definition
of fuzzy aggregation.

Definition 4: Fuzzy Aggregation Operators

Let a(z1,29,...,x,), where z; € [0,1], be a fuzzy
function. Then « is an aggregation if and only if

a(0,0,...,0)=0, a(l,1,...,1) =1,
a(x1, o, ..., xy) > a(y1, Y2, ..., yn) iff z; >y, for all 7.

So, a(xy,®a,...,x,) is a fuzzy aggregation operator
OVer 1,x2,...,Ty.
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There is no argument against defining a concrete aggre-
gation operations in a way that utilizes ordinal numbers
(possibly tuples), but it is not a necessity, even in
the case of finite and fixed sets of linguistic labels,
and other ways, as e.g., by definition using rule-based
system, defining the finite possible combinations, is an
alternative. However, such ordinal number-based def-
initions cease to be applicable if the set of possible
linguistic values is not yet fixed or the linguistic labels
satisfy only partial ordering (no linear ordering). In
natural languages, there are almost infinite possibili-
ties to express fine differences among values, as e.g.,
linguistic hedges may modify the meaning of a basic
label. If "expensive" is defined, "very expensive" may
be considered a separate linguistic value, but "very-very
expensive" has no meaning in this closed system. If there
are fuzzy sets (in practice, convex and normal fuzzy
sets, such as fuzzy numbers or fuzzy intervals) behind
each label, representation, and calculations may become
more complicated, but the set of possible labels may
be kept "open" for possible additional linguistic values
occurring during the operation of the modeled system,
or when specifications and requirements are changed.
A new, more “linguistic” definition could include such
possibilities as well and also multi-component linguis-
tic descriptors like "fast and expensive" or "slow and
cheap". This way, much wider application fields for
computing with words are opened [9], [15].

However, before discussing this new class of operations,
it should be stated that it is reasonable to keep the
signatures within a similar mathematical framework as
FSigs of a family were defined in [1], as this would
guarantee that signatures can be combined with each
other by fuzzy (or similar) operations, that they can be
compared, and that other manipulations necessary for
further processing the given (linguistic fuzzy) data may
be executed while preserving the exact mathematical
justification for why and how to do this. As FSigs of the
same family form a lattice, it would be advantageous to
keep this essential property also for FLSs as well.

In order to determine the lattice structure of FLSs, the
main point is to define the concept of linguistic aggre-
gations in a way that preserves the properties forming
the base of FSigs of a family being a lattice. In the next
section, a simple extension for linguistic aggregations is
given.

Definition 5: Linguistic Aggregation

Let
G,L(Z'l,l'27 D) xn) € L= {Lia Lla L27 sy L'rn7 LT}
be a mapping
ar, : L" — L7
where x1,x9,...,2x, € L are linguistic variables. Fur-
thermore,
L <L;<Ly, foralli=1,2,...,m,

and < denotes a partial ordering on L.

L is the set of linguistic labels where L is the lower
bound and L4 is the upper bound of the elements of L
in the sense of <. Then ay, is a linguistic aggregation
over L if and only if:

aL(LJ,,LJ,,...,Li) = LW
aL(LT7LT7 .. ’7LT) = LT’
GL(x1,$27 s ~7wn) S aL(y17y27' .. ayn)a

for all z; <wvy; € L,

in the sense of the partial ordering.

Definition 6: Family of Linguistic Aggregation Operators
Let a family of linguistic aggregations over L, denoted
by Ay, be defined as a set of all aggregation operators:

AL = {al,ag,ag,...,a" | a; . L" — L}

Here, Ay, is partially ordered by <, where for any two
operators aj,as € Ar:
@ <ay & ay(ar,...,o) < azar, ..
for all(zy,...,z,).
With this ordering (Ap, <), this pair is called the family
of aggregators, and there exist a lower and upper bound
(infimum and supremum) associated with this ordering. These
are denoted as infz, and sup;, respectively.
One of the simplest and non-trivial families is given by the
set of aggregation operators:

s ),

Ap = {ainfa Qg y Ay asup}a
where:

e ainf: returns the greatest lower bound (infimum) of
the inputs (e.g., “low”);
e Ggyp: Teturns the least upper bound (supremum) of
the inputs, according to the partial order over L
(e.g., “high”);
e a, and a,: identity operators that simply return the
linguistic values = and y.
To establish a suitable aggregation operation for linguistic
variables within the fuzzy linguistic signature (FLS) frame-
work, it is essential to define a partial ordering relation among
the linguistic variables from the same family. This ordering
provides a structured way to rank linguistic terms (such as
“low,” “medium,” and “high”) so that aggregation operators
can meaningfully combine them.
Figure 3 shows an example of how these operators can be
organized in a complete lattice, allowing linguistic terms to
be ordered hierarchically.
Let the linguistic term set be:
L = {hot, warm, cold}, where L is partially ordered as

cold < warm < hot.

Let us define a family of linguistic aggregation operators Ay,
acting on pairs of inputs from L.
We define the following three operators:
o a;inf: returns cold, which is the minimum of cold
and hot;
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Fig. 3: Hasse diagram of the ordering relation defined on
A.

e Qgy: returns warm, the middle value between cold
and hot;
e Qgyp: returns hot, the maximum of cold and hot.

Thus, the aggregation family is:
AL = {ainf7 Aavg, asup}a
where < is a partial order such that

Qint < Qayg < Qgup-

Fig. 4: Hasse diagram for the temperature example

Remark. The aggregation operator a, is defined so that,
when the input linguistic terms are immediate successors with
respect to the partial order, it returns the smaller term.
Fuzzy Linguistic Signatures (FLS) extend the concept of fuzzy
Signatures (FSigs) by allowing the leaves of the signature tree
to be assigned linguistic values or labels instead of fuzzy num-
bers. This structure enables the modeling of systems where
qualitative, human-like reasoning is preferred over precise
numerical values.

Definition 7: Fuzzy Linguistic Signatures
An FLS is represented as a tree linguistic structure GG, where:

o Leaf nodes are assigned linguistic labels (e.g., low,
medium, high).
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« Internal nodes represent aggregation results of their
child nodes using linguistic aggregation operators.

The formal definition of a fuzzy linguistic signature is
Sp = (N1, N, {a1,...,an}, {L1,La, ..., Lin}).
Where:

St : Fuzzy linguistic signature,

N7 : Set of internal nodes of the graph G,

Ny, : Set of leaf nodes of the graph G,

V = N;yUNp (Set of all vertices in G),
{ai,...,a,} : Set of linguistic aggregation operators,
{L1,La,..., Ly} : Set of linguistic labels.

Fig. 5: Rooted tree GG (left) and structure S;, (right)

An Example for Fuzzy Linguistic Signature Aggregation In
the next, let us consider a very simple example. Let the
traffic situation be described by the following set of linguistic
expressions:

T, = ((Approximately) Zero, Very Low, Low,
Medium, High, Very High (Total Jam))

This set is linearly ordered, with L, = Zero and Ly =
Very High (see Figure 6. Let us assume now that the traffic
intensity in a simple intersection is described by four-tuples of
the traffic arriving from North, East, South, and West, denoted
by

Trl == (TTN7 TTE7 TTS7 T’I‘W)7

a four-component vector-valued linguistic descriptor. This
latter is analogous to and representable by a four-component
vector-valued fuzzy descriptor [7]. However, in a real-life
situation, the model is more adequate if the traffic is separately
labeled in every possible incoming—outgoing direction, thus
forming a subgraph with 12 leaves indexed by NW, NS, NE,
EN, EW, etc.

For the simplest four-input example, if the traffic intensity
situation is described by

T, = (Very Low, Low, High, Very High),

where obviously, the EW and WE traffic is rather high, while
the intersecting road has fewer vehicles approaching.

In the set of four-component linguistic traffic intensity descrip-
tors, there exists a partial ordering defined based on the linear
orderings of the component sets, namely:
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Trl S Tr2 =
Ton1 < Tone, Trpr S Thpe, Trst < Thrs2, Trwi < Trwa.

Here, L = (Zero, Zero, Zero, Zero),

L4 = (Very high, Very high, Very high, Very high).

The descriptor of a single intersection becomes more complex
and requires a full fuzzy linguistic descriptor if, for example,
for the intelligent traffic light control of the given intersection,
a component describing the potential approach of one or
more emergency vehicles is added. This necessitates a priority
assignment to the given direction. Let us define the set of this
additional feature by:

T. = ((None, Single, Multiple, Many)

Then the traffic intensity with added priority has two subtrees
in every direction, both being single nodes describing 7., and
T, arriving from each direction. Figure 6 depicts the graph
of such a simple linguistic signature describing a four-input
intersection. Partial ordering can easily be defined here, too,
as T, is a linearly ordered set, and:

(Tr1, Ter) < (Tra, Te2) &
(Trn1s Tent) < (Trna, Tena),
(Trp1, Tep1) < (Trp2, Tep2),
(Trs1, Tes1) < (Trs2, Tes2),

(Trw1, Tew1) < (Trwe, Tew2),
Trg1 < Ty,

and (Trg1, Tes1) < (Trg2, Teg2) <
Tey1 < Teyo.

where J € {N,E,S,W}.

Obviously, here:

L, = ((Zero, None), (Zero, None),
(Zero, None), (Zero, None)),

Ly = ((Jam, Many), (Jam, Many),
(Jam, Many), (Jam, Many)).

In [13], a simple traffic system was modeled, where traffic
intensity and potential emergency vehicle appearance in the
various directions, along with the waiting time of the queue
(maybe consisting only of a single car), and the emergency
vehicle priority in every incoming and outgoing direction, were
taken into consideration. Let us define the following labels
(which may be extended to all 12 directions):

W, = {None, Short, Medium, Long, Very Long}, for the
queues.

W, = {None, Short, Long} , for potentially present emer-
gency vehicles.

Here again, there is linear ordering in both sets, and there is a
partial ordering in the set W; x W, so that L, = (None, None)
and Ly = (Very Long, Long).

48

It depends on the application of a given FLS and how the
aggregations of the model structure can be defined. In [13], a
fuzzy rule-based strategy was proposed, and in this illustrative
example, a similar but more compact model and algorithm may
be constructed based on FLS as above. The real-life appli-
cation of such intelligent traffic control algorithms becomes
interesting when a (maybe rather large) system of intercon-
nected intersections is modeled as a single object. Traffic itself
generates the information flow connecting the whole system,
and it may be expected that some general features or patterns
in the behavior of the traffic lights emerge as the result of
the entire system adapting to the input “signals,” namely, the
traffic intensities and emergency vehicle appearances in the
intersection system.
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Fig. 6: Fuzzy linguistic tree for the traffic example

In the above paragraphs, it was presented how the graph
structure of an FLS can be built up, and how the leaves of the
trees can be linguistic values assigned. However, the problem
of aggregations in the intermediate nodes (including the root
itself) is just as important when the structure of the FLS is
determined.

Let us continue the above example and focus on the traffic
light control signal for the NS direction in a given intersection.
The control output may be:

o G = Switch immediately to/keep on Green,

o GD = Switch with Delta delay to/keep on Green,
o RD = Switch with Delta delay to/keep on Red,

o R = Switch immediately to/keep on Red.

Then, in the simplest four-direction example, the linguistic
aggregation for the FLS determining the traffic light of the
North incoming street may be constructed as follows:

o The traffic light must be set to G if

(T’!‘N7 TeN) 2 maX{(TrEy TeE)7 (TTW7 Te )}

In a refined model, (T}.s, T,n) is also taken into consider-
ation.

The aggregation

Ay = An(Ton, Ten, Trg, Tep, Tow, Tew, Wi, Wiw)
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(maybe also including 7;.s and T.s) should be defined by
a lookup table, where the size grows exponentially with
the number of inputs. Thus, the vector-valued approach is
not feasible; instead, a real (multiple-level) FLS should be
constructed with subtrees representing the “strength” or degree
of each direction pushing the control decision towards a given
value.

III. DEFINITION OF MEET AND JOIN FOR Fuzzy
LINGUISTIC SIGNATURES

Fuzzy Linguistic Signatures (FLS) are designed to represent
uncertain and imprecise data in situations where exact fuzzy
membership functions and degrees cannot be precisely speci-
fied. As an extension of fuzzy signatures (FSigs), it is reason-
able to maintain FLS within a similar mathematical framework
as FSigs. Previous research has shown that FSigs form a
lattice structure [1], so it would be valuable to explore whether
FLSs exhibit the same behavior, under what conditions this
occurs, and to examine all potential cases. To demonstrate
that FLSs form a lattice, we will discuss the meet and join
operators and investigate if FLS satisfies the properties of
idempotency, commutativity, and associativity. This proof will
build on the findings in [1], while taking into account the
unique requirements of linguistic labels. We further assume
that the sets of linguistic labels and linguistic aggregation
operators form partially ordered sets that admit infimum and
supremum. For any given application, it is necessary that the
set of linguistic labels contains a supremum and an infimum
element, which semantically and intuitively bound all other
linguistic labels from above and below, respectively.

Definition 8: Fuzzy Linguistic Signatures Generated from G
and Ay,

Let G = (V,E) be a tree with root vy, whose set of
internal vertices is given by N; = {wg,v1,v2,...,v,}, and
let A, = {Aro,Ar1,AL2, ..., AL, }, be a set of families of
aggregation operators. The family of fuzzy linguistic Signa-
tures generated from G and Ay, which will be denoted as
F(G,AL), is defined as follows:

- - 3 ) ily -« Wipf, PR
F {SLk_<NIk Nik, {an aip}, L1 Lq}>’

Gk - G, aij € ALij7 for all Vij € Nik }

where G, = (N UNp, Ey) is a subgraph of G, satisfying
that v9 € Ny, and Spi is a fuzzy linguistic signature
associated with G,.

We are also interested in defining the family of fuzzy
linguistic signatures generated from a given fuzzy signature.
Notice that such a concept of family will be suitable for
formalizing the information corresponding to situations similar
to the ones explained at the beginning of this section.
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Definition 9: The Family of Fuzzy Linguistic Signatures Gen-
erated from Sy,

Let S;, be a fuzzy linguistic signature associated with the
rooted tree GG and the set of families of aggregation operators
As. The family of fuzzy linguistic signatures generated from
Sy, is defined as the family of fuzzy linguistic signatures
F(Gs, Ay).

Therefore, given a fuzzy linguistic signature S7,, the family
F(G,, Ay) is the set of fuzzy linguistic signatures S, obtained
from S, by omitting any number of leaves, or leaf subtrees
(except the root itself), with the necessary corresponding
modifications to maintain the definition of fuzzy linguistic
signature. The labels of the internal vertices v of S} are
associated with aggregation operators in the same family as the
label of this vertex v in S;. When a whole subtree has been
removed, the root of this subtree becomes a leaf instead of
its original non-leaf position in the original fuzzy linguistic
signature and so, a linguistic label will be assigned to it,
instead of a linguistic aggregation operator.

Definition 10 (Join of the Fuzzy Linguistic Signatures).

Let S be a fuzzy linguistic signature associated with
the rooted tree G5 and the family of linguistic aggregation
operators As. Let Sp,,SL, € F(Gs, As) be fuzzy linguistic
signatures associated with the rooted trees G; = (V1, E1) and
Gy = (Va, E9), respectively, where Ny, N, denote the sets
of leaves and Ny, , Ny, denote the sets of internal vertices of

Gl and Gg.

The join of the fuzzy linguistic signatures Sy, and Sp,,, de-
noted by Sr,, USL,, is the fuzzy linguistic signature associated
with the rooted tree

GLUGy = (Vi U VQ,El U Ez),
where N;(G1 U G3) denotes the set of internal vertices and
NL(G1 UG3) denotes the set of leaves.

The linguistic aggregation operator assigned to each internal
vertex v € N;(G1 U Gy) is defined by the following cases:
1. Internal vertices (Linguistic aggregation operators).

1) If v € Ny, and v € Ny,, then
a, = sup{al, a’},

where al and a? are the linguistic aggregation operators
assigned to v in Sy, and Sp,, respectively.
2) If v € Ny, and v ¢ Vs, then

a, = a.

3) If v ¢ Vi and v € Ny, then

2

ay = a,.

4) If v € Ny, and v € Np,,, then
Ay :a},.
5) If v € Np, and v € Nyp,, then

a, = a.
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Remark. Since Sz, and Sy, belong to the same family
of fuzzy linguistic signatures, their structures may not be
identical. Consequently, it may occur that a given vertex is
not present in one of the two signatures, or that a given vertex
is a leaf in one signature and an internal vertex in the other.
The above rules explicitly define how the join operation is
computed in all these cases.

2. Leaves (Linguistic Labels):

If v e NL{G1 UG5} (a leaf), the linguistic label assigned
to v is computed considering the following cases:

1) If v € Np; and v € Ny, the linguistic label assigned to
v 18:
L, =sup{L}

oLy}
where L}J is the linguistic label assigned to v € Np,; and
L2 is the linguistic label assigned to v € Np.s.

2) If v € Npy and v ¢ Npo, the linguistic label assigned to
vis L, = L}, where L} is the linguistic label assigned
tov € Np.

3) If v ¢ Np; and v € Npg, the linguistic label assigned to
vis L, = L2, where L? is the linguistic label assigned
tov € Nps.

Mixed cases in which a vertex is internal in one fuzzy lin-
guistic signature and a leaf in the other are resolved according
to the convention stated in the internal-vertex cases above.

Definition 11: Meet of the Fuzzy Linguistic Signatures

Let S;, be a fuzzy linguistic signature associated with
the rooted tree G5 and the family of linguistic aggregation
operators Ag. Let Sp,, S, € F(Gs, As) be fuzzy linguistic
signatures associated with the rooted trees Gy = (Vi, Fy)
and G2 = (Va, E»), respectively, where N, Ny, denote
the sets of leaves and Ny, N, denote the sets of internal
vertices of (G1 and G5. For each tree (G, the vertex set satisfies
Vi=N L; Y N I;-

The meet of the fuzzy linguistic signatures Sy, and Sg,,
denoted by Sr,, N Sr,, is the fuzzy linguistic signature asso-
ciated with the rooted tree

G1NGy = (ViNVy, E1NEy),

where N;(G; N G2) denotes the set of internal vertices and
Np(G1 N Gy) denotes the set of leaves.

The linguistic aggregation operator assigned to each vertex
in N;(G1NG2) and the linguistic label assigned to each vertex
in N1(G1 N Gy) are defined as follows:

1. Internal vertices (Linguistic aggregation operators).

If v € N;(G1NG3), then the linguistic aggregation operator
assigned to v is
a, = inf{a},a?},

where al and a2 are the linguistic aggregation operators

assigned to v in Sr, and Sp,, respectively.

The treatment of vertices that are internal in one fuzzy
linguistic signature and leaves in the other follows the same
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convention as described in the remark following the definition
of the join operation.

2. Leaves (Linguistic labels).

If v € NL(G1 N Gy), the linguistic label assigned to v is
defined by the following cases:

1) If v € N, and v € Np,, then
L, =inf{L! L2},

where L. and L? are the linguistic labels assigned to v
in St,, and Sg,,, respectively.
2) If v € N, and v ¢ Np,, then

L,=L..
3) If v¢ Ny, and v € Np,, then
L, = L%

IV. LATTICE PROPERTIES OF FUZZY LINGUISTIC
SIGNATURES

A. Structural Compatibility Assumption

Throughout this section, we restrict our attention to the
family F (G, As) of fuzzy linguistic signatures defined over
an identical rooted tree G5 = (V;, E;). Consequently, for any
two signatures Sr,,,Sr, € F(Gs, As), each vertex v € Vj is
either a leaf in both signatures or an internal vertex in both.
Thus, mixed cases where a vertex is a leaf in one signature
and an internal vertex in the other do not occur.

We further assume that the sets of linguistic labels and
linguistic aggregation operators are partially ordered and admit
infimum and supremum. Under these assumptions, the meet
(M) and join (U) operations defined in Definitions 10 and 11
are well defined and operate node-wise on G. If the underly-
ing rooted trees are not identical, the proofs can be formulated
in a very similar manner by a case-by-case analysis, following
the constructions given in Definitions 10 and 11.

B. Lattice Properties of Fuzzy Linguistic Signatures

Let Sp,,SL,,5L, € F(Gs, As). We verify that the struc-
ture
(F(Gs, As),N, L)
satisfies the lattice axioms.
a) Commutativity.:

Sy, NS, =8,,NSp,,  Sp,USL, =S, USy,.

Proof. By Definition 11, for any internal vertex v € N (Gy),

ay = inf{a,, a3} = inf{a}, a, },

and for any leaf v € N (Gy),
L, =inf{L) L2} =inf{L? L}}.

Thus, the resulting aggregation operators and linguistic labels
are independent of the order of the operands. The same
argument applies to the join operation using the supremum.
End of proof.
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b) Associativity.:

(S, NSL,) N SLy = Sty N (SL, N SLy),
(Sp, USL,)USL, =S5, U(SL, USL,).

Proof. For any internal vertex v € N;(Gs),
inf{inf{a},a?},a3} = inf{al,inf{a?, a3}},

v v v

by associativity of the infimum. Similarly, for any leaf v €
NL(G.S)y
inf{inf{L}, L2}, L3} = inf{L},inf{L? L3}}.

) )

Hence, aggregation results coincide at every vertex. The same
reasoning applies to the join operation using supremum. End

of proof.
c) Idempotency.:

SLIQSLIZSLI, SL1USL1:SL1-

Proof. For any internal vertex v € N;(Gj),
inf{al,al} = a’,
and for any leaf v € N (Gs),
inf{L), L1} = L..

Thus, applying meet or join to a signature with itself leaves it
unchanged. End of proof.

d) Absorption.:

SLlﬂ(SLlUSLz)ZSLl, SLlu(SleSLZ):SLl-

Proof. For any internal vertex v € N;(Gy),
inf{a},sup{al,a?}} = al,
and for any leaf v € Ny (Gy),
inf{Ly, sup{Ly, L3}} = L,

by the absorption property of infimum and supremum. The
dual equality follows analogously. End of proof.

C. Resulting Lattice Structure of Fuzzy Linguistic Signatures

Since the meet and join operations satisfy commutativity,
associativity, idempotency, and absorption, the structure

(F(Gs, As),N, L)

forms a lattice of fuzzy linguistic signatures.
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V. CONCLUSION

Linguistic variables are very useful in describing and han-
dling everyday situations, especially those involving subjectiv-
ity and the terminology of natural language. When linguistic
features can be structured in a multi-component hierarchy, this
motivates the introduction of fuzzy linguistic signatures (FLS),
which are particularly important for modeling such subjective
cases.

FLS are similar in structure to fuzzy signatures. However,
instead of fuzzy membership degrees and fuzzy membership
functions, linguistic values are applied on the leaves. In the
internal nodes, linguistic aggregation must appear; thus, we
define the concept of linguistic aggregation.

We have shown that FLS can be handled if they belong
to the same family of FLS that can be derived from a fuzzy
linguistic mother signature by omission of the edges and the
corresponding nodes. Such FLS belonging to the same family
can be compared and aggregated.

We have shown that FLS of a family form a lattice, and
in this way, they can be considered as an extension of the
concept of L-fuzzy sets.

We have shown an example of decision-making in the
context of a traffic situation, and we have presented that
linguistic variables and FLS are suitable for modeling and
making decisions in this application area.
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