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Abstract — Modern synthesized aperture radars (SAR), e.g. 

space SARs for remote sensing of the Earth, use signals with linear 
frequency modulation and signals with phase-code shift keying 
(PCSK) coded by M-sequence (MS) as probing signals. Utilization 
of PCSK-signals permits an essential improvement of the radar 
image quality at the stage of its compression on azimuthal 
coordinate. In this paper, probing signals with zero 
autocorrelation zone (ZACZ) are synthesized, which signals 
represent a sequence of two PCSK-pulses with additional linear 
frequency modulation of sub-pulses in the pulses. A comparative 
analysis of the correlation characteristics of the synthesized signal 
and the PCSK-signal coded by MS has been performed. It is shown 
that in ZACZ, at a mismatch in the Doppler frequency, the level 
of all side lobes (SL) of the autocorrelation function (ACF) of the 
synthesized signal is less than the ACF SL level of the PCSK-signal 
coded by MS. The total ACF of the ensemble of 4 signals has zero 
SL along the whole time axis τ, and at a mismatch in frequency in 
ZACZ, it has a lower SL level than the total ACF SLs of the 
ensemble of 4 PCSK-signals coded by MS. 
 

Index Terms—Ambiguity function, autocorrelation function, 
complementary sequences, pulse train, zero autocorrelation zone. 
 

I. INTRODUCTION 
ynthesized aperture radars (SAR), e.g. space SARs of the 
Earth remote sensing, due to their operation principle, 
impose the following requirements on probing signals: 

- they must be coherent within the limits of the time interval 
equal to the aperture synthesis time to provide a high spatial 
resolution on the azimuth co-ordinate, which is directed along 
the velocity vector of the space vehicle; 

- they must have an intra-pulse modulation to provide a high 
value of the average emission power and, at the same time, a 
good spatial resolution on the elevation co-ordinate, which is 
orthogonal to the space vehicle velocity vector direction. This 
requirement implies the utilization of the so-called complex 
signals in SARs, for which signals the product of the effective 
frequency band and the duration of the probing signals is much 
higher than 1; 

- together with other SAR parameters, they must provide the 
quality of the radar image, as required in the specifications. 

Among various classes of complex signals, only two main 
classes have yet found practical application in space SARs - 
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these are signals with linear frequency modulation (LFM) and 
signals with phase-code shift keying (PCSK). Space SARs for 
remote sensing of the Earth have been using LFM-signals up to 
now [1 – 5]. This situation is determined historically, as LFM-
signals were the first complex signals to be used in radar 
technology, and their properties were studied in detail a long 
time ago. PCSK-signals were used as probing signals in space 
SARs mounted on Venus-15 and Venus-16 automatic 
interplanetary stations designed to provide a radar map of the 
Venus in 1983-1984 [6], [7]. Truncated M-sequences (MS) 
were used as the code of those signals. 

At the same time, we would like to note a growing interest of 
radar experts in PCSK-signals [8 – 11]. This results from the 
fact that utilization of discrete coding of the coherent ensemble 
of probing signals in SARs opens the prospect for significant 
improvement of the radar image quality in terms of parameters 
related to the properties of total correlation functions of the 
ensemble. PCSK signals have a number of fundamental 
advantages: 

- the ambiguity function (AF) of the PCSK-signal has a 
“thumbtack” form, which is close to an ideal one, as opposed to 
the AF of the LFM-signal, which has a form of a “comb”; 

- correlation characteristics of the coherent train of reflected 
probing PCSK-signals can be significantly improved at the 
stage of signal compression in azimuth when an ensemble of 
different orthogonal codes is used; 

- when the operation of pulse compression by range is 
performed, no “window” processing is required for the 
ensemble of PCSK-signals. 

Nevertheless, PCSK-signals have shortcomings in 
comparison with LFM-signals. For instance, a single PCSK-
signal for short code sequences has a higher level of the 
maximum side lobe (SL) of the autocorrelation function (ACF) 
and a higher integral level of the ACF SL. 

In view of the aforesaid, it is expedient to consider PCSK-
signals with zero autocorrelation zone (Zero Autocorrelation 
Zone - ZACZ) [12 – 15] in the area of the central ACF peak as 
probing signals for SARs. These signals are a periodic sequence 
(a train) of 1M   coherent pulses coded (shift-keyed by 
phase) by ensembles of complementary or orthogonal 
sequences. 

In space SARs, pauses between the emission of probing 
signals are used for receiving echoes reflected from the Earth 
surface, i.e. signal reception and transmission with the same 
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antenna are alternated. Therefore, signals with ZACZ 
considered in [12 – 15] are not suitable for this purpose, as they 
have a large number of pulses in the train. 

Signals with ZACZ considered in [16] and [17] consist of a 
minimum number of pulses in the train, i.e. two pulses; 
however, at mismatch in the Doppler frequency, they have a 
high enough ACF SL level. 

The object of this paper is the synthesis of probing signals 
with ZACZ consisting of two PCSK-pulses in the train 
( )2M =  and having, at mismatch in the Doppler frequency, an 
acceptable SL level of the ACF both for single probing signals 
and the total ACF of the ensemble of PCSK-signals used in the 
aperture synthesis mode. 

One of the varieties of such a signal was considered in [18]. 
There, the signal is a sequence of two PCSK-pulses with 
additional linear frequency shift keying of sub-pulses in pulses. 
In this paper, we consider an additional linear frequency 
modulation of sub-pulses in pulses. 

II. FORMATION OF THE ZACZ-SIGNAL WITH LINEAR 
FREQUENCY MODULATION OF SUB-PULSES IN PULSES 

Let us consider a radar signal representing a sequence (a 
train) of M pulses (Fig. 1) shift-keyed in phase by an ensemble 
of M sequences [18]. Each pulse with the duration pT  consists 
of N sub-pulses (discretes) with the duration of 0 pT T N=  
each. The pulse repetition period is p 0 ,T qT qNT= =  where 

2q ≥  is the off-duty factor of the pulses. The ensemble of M 
sequences can be defined by the following matrix: 
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where sequences 
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2
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=D , 2

,1, 2 1
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j nN n

d′
′ =

=D  are complementary 

sequences (CS); ,i j  and ,i j′ ′  are numbers of paired CSs; i′  is 
the number of the CS, which is adjacent to the CS with the 
number i , and j′  is the number of the CS, which is adjacent to 
the CS with the number j  [19]. 

The PCSK-signal (2) coded by rows of the matrix 2,NA  from 
(3) is called a coherent complementary signal (CCS). We call 
this signal “coherent” because the coherence of PCSK pulses 
must be maintained in the train. In addition, we call it 
“complementary” because the pulses are encoded by 

complementary sequences. 
Let us consider CCSs with additional frequency modulation 

of the discretes of train pulses under the linear law (CCS-LFM), 
as shown in Fig. 2. 

The frequency variation law within the limits of the n-th 
discrete is as follows (taking into account Fig. 2): 
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where 11, 2, ..., 2kn N += =  is the number of the discrete in the 
CCS pulse; S 0F b T=  is the width of the CCS-LFM spectrum. 

 
 

Fig. 2.  LFM law of discretes within the limits of the CCS pulse 
 

Then, the phase variation law within the limits of the n-th 
discrete is as follows: 
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Thus, the complex envelope (2) of the CCS-LFM is as 

follows: 
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where 2,

, , 1

N
i n i n

a
=

  is the matrix composed from the adjacent pairs 

of the binary D-code [17, 19], ( ), ,exp j ,i n i na a= π   
2,

2, , , 1

N
N i n i n

a
=

=A  from (3). 

III. ANALYSIS OF THE CORRELATION CHARACTERISTICS OF 
CCS-LFM 

Let us perform a comparative analysis of CCS correlation 
characteristics without modulation of discretes (further simply 
CCS) with correlation characteristics of CCS-LFM. To 
compare the relative SL level of these two signals, it is 
necessary to provide the same level of main lobes of their ACF, 
which is equal to the number of discretes in two train pulses. 
We consider CCS and CCS-LFM with the number of discretes 
in the pulse 256N = . The base of the linear frequency 
modulation of the discrete is four, i.e. 4b = . Both signals have 
the same off-duty factor 2q = . Thus, both signals have the 
same level of the ACF main lobe equal to 512. 

Fig. 3 shows ACF ( )R τ  of CCS and CCS-LFM. The 

ambiguity functions ( ),R Fτ  of CCS and CCS-LFM are shown 
in Fig. 4 and 5, respectively. The ZACZ width is 

( )0 1Z NT q= −  [16], [17]. 
In Fig. 4 and 5, 2M =  is the number of pulses in the train, 

and 0T qNT=  is the pulse repetition period. A half of the main 

lobe width of the AF section with the plane 0τ =  ( )0,R F  at 
the zero level is equal to ( ) ( )01 1 .F MT qMNT∆ = =  A 

minimum SL level in the delay-frequency plane ( ), Fτ  of the 

AF at Zτ <  and F F< ∆  needs to be provided. 
Table 1 provides the values of the correlation characteristic 

of CCS and CCS-LFM for three AF sections with planes 
0,F =  0.3F F= ∆  and 0.5F F= ∆ . In Table 1: maxR  and 

z maxR are relative levels of maximum ACF SLs outside and 
inside of ZACZ, respectively; rmsR  and z rmsR  are relative rms 
ACF SL levels outside and inside of ZACZ, respectively. 

 
 

Fig. 3.  ACF of CCS (dotted line) and CCS-LFM (solid line) 
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antenna are alternated. Therefore, signals with ZACZ 
considered in [12 – 15] are not suitable for this purpose, as they 
have a large number of pulses in the train. 

Signals with ZACZ considered in [16] and [17] consist of a 
minimum number of pulses in the train, i.e. two pulses; 
however, at mismatch in the Doppler frequency, they have a 
high enough ACF SL level. 

The object of this paper is the synthesis of probing signals 
with ZACZ consisting of two PCSK-pulses in the train 
( )2M =  and having, at mismatch in the Doppler frequency, an 
acceptable SL level of the ACF both for single probing signals 
and the total ACF of the ensemble of PCSK-signals used in the 
aperture synthesis mode. 

One of the varieties of such a signal was considered in [18]. 
There, the signal is a sequence of two PCSK-pulses with 
additional linear frequency shift keying of sub-pulses in pulses. 
In this paper, we consider an additional linear frequency 
modulation of sub-pulses in pulses. 

II. FORMATION OF THE ZACZ-SIGNAL WITH LINEAR 
FREQUENCY MODULATION OF SUB-PULSES IN PULSES 

Let us consider a radar signal representing a sequence (a 
train) of M pulses (Fig. 1) shift-keyed in phase by an ensemble 
of M sequences [18]. Each pulse with the duration pT  consists 
of N sub-pulses (discretes) with the duration of 0 pT T N=  
each. The pulse repetition period is p 0 ,T qT qNT= =  where 

2q ≥  is the off-duty factor of the pulses. The ensemble of M 
sequences can be defined by the following matrix: 
 

,
, , , 1

M N
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=

=A , ( ), ,exp ji n i na a= π  , (1) 

 
where 

,
, , , 1
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=

=A   is the matrix of the binary code. 

 
A complex envelope of the signal under investigation will 

have the following form: 
 

( ) ( ) ( )( ), 0
1 1

1 1
M N

i n n
i n

u t a S t n T i T
= =

= − − − −∑∑ , (2) 

 
where ( )( ) ( )0 0 01 , 1 ,nS t n T n T t nT− − − ≤ <  is the envelope of 
the n-th discrete of the pulse. 

At 2M = , the coding matrix (1) can be written as follows 
[18]: 
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=D  are complementary 

sequences (CS); ,i j  and ,i j′ ′  are numbers of paired CSs; i′  is 
the number of the CS, which is adjacent to the CS with the 
number i , and j′  is the number of the CS, which is adjacent to 
the CS with the number j  [19]. 

The PCSK-signal (2) coded by rows of the matrix 2,NA  from 
(3) is called a coherent complementary signal (CCS). We call 
this signal “coherent” because the coherence of PCSK pulses 
must be maintained in the train. In addition, we call it 
“complementary” because the pulses are encoded by 

complementary sequences. 
Let us consider CCSs with additional frequency modulation 

of the discretes of train pulses under the linear law (CCS-LFM), 
as shown in Fig. 2. 

The frequency variation law within the limits of the n-th 
discrete is as follows (taking into account Fig. 2): 
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where 11, 2, ..., 2kn N += =  is the number of the discrete in the 
CCS pulse; S 0F b T=  is the width of the CCS-LFM spectrum. 

 
 

Fig. 2.  LFM law of discretes within the limits of the CCS pulse 
 

Then, the phase variation law within the limits of the n-th 
discrete is as follows: 
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Thus, the complex envelope (2) of the CCS-LFM is as 

follows: 
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of the binary D-code [17, 19], ( ), ,exp j ,i n i na a= π   
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III. ANALYSIS OF THE CORRELATION CHARACTERISTICS OF 
CCS-LFM 

Let us perform a comparative analysis of CCS correlation 
characteristics without modulation of discretes (further simply 
CCS) with correlation characteristics of CCS-LFM. To 
compare the relative SL level of these two signals, it is 
necessary to provide the same level of main lobes of their ACF, 
which is equal to the number of discretes in two train pulses. 
We consider CCS and CCS-LFM with the number of discretes 
in the pulse 256N = . The base of the linear frequency 
modulation of the discrete is four, i.e. 4b = . Both signals have 
the same off-duty factor 2q = . Thus, both signals have the 
same level of the ACF main lobe equal to 512. 

Fig. 3 shows ACF ( )R τ  of CCS and CCS-LFM. The 

ambiguity functions ( ),R Fτ  of CCS and CCS-LFM are shown 
in Fig. 4 and 5, respectively. The ZACZ width is 

( )0 1Z NT q= −  [16], [17]. 
In Fig. 4 and 5, 2M =  is the number of pulses in the train, 

and 0T qNT=  is the pulse repetition period. A half of the main 

lobe width of the AF section with the plane 0τ =  ( )0,R F  at 
the zero level is equal to ( ) ( )01 1 .F MT qMNT∆ = =  A 

minimum SL level in the delay-frequency plane ( ), Fτ  of the 

AF at Zτ <  and F F< ∆  needs to be provided. 
Table 1 provides the values of the correlation characteristic 

of CCS and CCS-LFM for three AF sections with planes 
0,F =  0.3F F= ∆  and 0.5F F= ∆ . In Table 1: maxR  and 

z maxR are relative levels of maximum ACF SLs outside and 
inside of ZACZ, respectively; rmsR  and z rmsR  are relative rms 
ACF SL levels outside and inside of ZACZ, respectively. 

 
 

Fig. 3.  ACF of CCS (dotted line) and CCS-LFM (solid line) 
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It follows from Table 1 that in case of a mismatch by 
frequency, the maximum ACF SL level of CCS-LFM in ZACZ 
is lower than the maximum ACF SL level of CCS more than by 
6.5 dB, and the rms SL level – more than by 6 dB. Besides, 
outside ZACZ, the rms ACF SL level of CCS-LFM is lower 
than the respective AСF SL level of CCS more than by 6 dB. 

From [14], [20], we know that pseudo-noise signals are the 
optimum discrete signals, i.e., signals with a minimum level of 
the maximum ACF SL. The most known and widely used 
example of such signals is a truncated М-sequence, in which 
the minimax SL level of the normalized ACF aspires to M1 N  
with MN  growth, where MN  is the period of the М-sequence. 
 

TABLE 1 
VALUES OF CORRELATION CHARACTERISTICS OF 

CCS, CCS-LFM AND MS 
 

F 0 0.3 F∆  0.5 F∆  

maxR , 
dB 

CCS -23.8 -23.8 -23.8 
CCS-LFM -26.3 -26.3 -26.4 

MS -27.3 -27.8 -25.2 

rmsR , 
dB 

CCS -34.9 -34.8 -34.7 
CCS-LFM -41.2 -41.1 -41.0 

MS -35.2 -33.8 -32.4 
z maxR , 
dB 

CCS -330 -24.7 -20.8 
CCS-LFM -329 -31.5 -27.7 

z rmsR , 
dB 

CCS -343 -38.6 -34.7 
CCS-LFM -349 -44.9 -41.0 

Let us perform a comparative analysis of the correlation 
characteristics of considered CCSs with the PCSK-signal 
modulated in phase by an М-sequence (further simply MS) with 
the period M 511N = . To align the levels of the ACF main lobes 
of CCS and MS, we will add one element from the adjacent 
period to its period, i.e., the number of discretes in the MS pulse 
will be M 1 512N N= + = . 

Table 1 provides values of the correlation characteristics of 
the considered MS for three sections of the AF with planes 

0F = , 0.3F F= ∆  and 0.5F F= ∆ , and Fig. 6 shows ZACZ 
for the examined CCS and CCS-LFM signals and a part of the 
MS ACF at a mismatch in frequency 0.3 .F F= ∆  

It follows from Fig. 6 and Table 1 that in case of a mismatch 
by frequency 0.3F F= ∆  and 0.5F F= ∆ , the maximum and 
rms SLs levels of the ACF of the CCS-LFM in ZACZ are less 
than the corresponding SLs levels of the ACF of the MS. 
Modeling results showed the validity of this result at .F F< ∆  

IV. COMPARATIVE ANALYSIS OF TOTAL ACFS OF THE CCS-
LFM ENSEMBLE AND CYCLIC MS ENSEMBLE 

As we mentioned earlier, in space SARs, PCSK signals 
modulated in phase by truncated MSs were used as probing 
signals. However, in adjacent sensing cycles, for maximum 
ACF SL suppression depending on the necessary time for the 
aperture synthesis and other SAR parameters, MSs with 
different generating polynomials and/or different cyclic shifts 
were used [6]. 

The maximum SL suppression of the total ACF of the MS 
ensemble is achieved by utilization of the complete cyclic MS 
ensemble with the number of discretes in the pulse equal to its 
period, i.e., at MN N= . In addition, the adjacent MSs are shifted 
to each other for one element, and the number of MSs in the 
ensemble is equal to N. Then, for the total ACF of the complete 
cyclic ensemble of N MSs with the length of the one period, the 

following equation may be formulated: 
 

1
; 0,1,..., 1

N
i

m m
i

r r m N+

=

= = −∑ , (7) 

 
where i

mr  is non-normalized ACF of i-th MS. 

 
 

Fig. 4.  The ambiguity function of CCS 
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After formulating equations for ACFs of each of the N MSs 
and summing them up according (7), we will find out that 
 

( )( )m m N mr N m r r+
−= − + , (8) 

 

where 
1

N m

m n n m
n

r a a
−

+
=

= ∑  is the aperiodic ACF of the current part 

of the MS with the length of one period; 
1

m

N m n n N m
n

r a a− + −
=

= ∑  is 

the aperiodic ACF of the adjacent (from the right) part of the 
MS. 

It is known from [20] that the sum in (8) determines the 
periodic ACF of the MS with a period MN N= , i.e., 

p ,m N m mr r r−+ =  where p

1

N

m n n m
n

r a a +
=

= ∑  at 0,1,..., 1m N= − . It is 

also known that for MS p 1mr = −  at 1,2,..., 1m N= − . 
Thus, from (8) we obtain that 

 
( ) p

m mr N m r N m+ = − = − +  at 1,2,..., 1m N= − , (9) 

 
from which the normalized total ACF of the complete cyclic 
ensemble of MS is: 
 

2

1
m

m
R

N N
+ = − +  at 1,2,..., 1m N= − . (10) 

 
The SL level of the total ACF of the complete cyclic MS 

ensemble can be considered as the minimum possible limit. The 
lesser MSs the cyclic ensemble contains, the higher SL level of 
the total ACF is. We shall consider an ensemble consisting of 
four MSs shifted to each other for 128 elements to be the cyclic 
ensemble with the maximum SL level of the total ACF. 

Table 2 provides the values of the total ACFs of the complete 

cyclic ensemble of 511 MSs and the cyclic ensemble of 4 MSs 
for three AF sections with planes 0F = , 0.3F F= ∆  and 

0.5F F= ∆ . In this table, maxRΣ  and rmsRΣ  are the relative 
maximum SL level of the total ACF and the relative rms SL 
level of the total ACF, respectively. From Table 2 we can see 
that the maximum SL level of the total ACF of the complete 
cyclic ensemble is lower than the maximum SL level of the 
cyclic ensemble of four MSs more than by 15.5 dB, and for rms 
SL level – more than by 12 dB. 

Further, we will look at the values of the total ACF of the 
CCS-LFM ensemble. According to (3), there is a total of 

2 2kN =  CCSs formed from the adjacent AS pairs of the k–
order and forming the complete CCS ensemble with the number 
of discretes in the pulse 12kN += . 
 

TABLE 2 
VALUES OF THE TOTAL ACF OF ENSEMBLES OF 

511 MSS, 4 MSS AND 4 CCS-LFM 
 

F 0 0.3 F∆  0.5 F∆  

maxRΣ , dB 

4 MS -38.6 -39.9 -39.8 

511 MS -54.2 -55.5 -58.1 

CCS-
LFM 

-324 -30.7 -26.4 

z maxRΣ , dB -327 -43.5 -35.4 

rmsRΣ , dB 

4 MS -46.7 -46.7 -46.6 

511 MS -58.9 -59.7 -61.1 

CCS-
LFM 

-348 -57.3 -52.9 

z rmsRΣ , dB -345 -67.0 -59.3 

 
 

Fig. 5.  The ambiguity function of CCS-LFM 
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It follows from Table 1 that in case of a mismatch by 
frequency, the maximum ACF SL level of CCS-LFM in ZACZ 
is lower than the maximum ACF SL level of CCS more than by 
6.5 dB, and the rms SL level – more than by 6 dB. Besides, 
outside ZACZ, the rms ACF SL level of CCS-LFM is lower 
than the respective AСF SL level of CCS more than by 6 dB. 

From [14], [20], we know that pseudo-noise signals are the 
optimum discrete signals, i.e., signals with a minimum level of 
the maximum ACF SL. The most known and widely used 
example of such signals is a truncated М-sequence, in which 
the minimax SL level of the normalized ACF aspires to M1 N  
with MN  growth, where MN  is the period of the М-sequence. 
 

TABLE 1 
VALUES OF CORRELATION CHARACTERISTICS OF 

CCS, CCS-LFM AND MS 
 

F 0 0.3 F∆  0.5 F∆  

maxR , 
dB 

CCS -23.8 -23.8 -23.8 
CCS-LFM -26.3 -26.3 -26.4 

MS -27.3 -27.8 -25.2 

rmsR , 
dB 

CCS -34.9 -34.8 -34.7 
CCS-LFM -41.2 -41.1 -41.0 

MS -35.2 -33.8 -32.4 
z maxR , 
dB 

CCS -330 -24.7 -20.8 
CCS-LFM -329 -31.5 -27.7 

z rmsR , 
dB 

CCS -343 -38.6 -34.7 
CCS-LFM -349 -44.9 -41.0 

Let us perform a comparative analysis of the correlation 
characteristics of considered CCSs with the PCSK-signal 
modulated in phase by an М-sequence (further simply MS) with 
the period M 511N = . To align the levels of the ACF main lobes 
of CCS and MS, we will add one element from the adjacent 
period to its period, i.e., the number of discretes in the MS pulse 
will be M 1 512N N= + = . 

Table 1 provides values of the correlation characteristics of 
the considered MS for three sections of the AF with planes 

0F = , 0.3F F= ∆  and 0.5F F= ∆ , and Fig. 6 shows ZACZ 
for the examined CCS and CCS-LFM signals and a part of the 
MS ACF at a mismatch in frequency 0.3 .F F= ∆  

It follows from Fig. 6 and Table 1 that in case of a mismatch 
by frequency 0.3F F= ∆  and 0.5F F= ∆ , the maximum and 
rms SLs levels of the ACF of the CCS-LFM in ZACZ are less 
than the corresponding SLs levels of the ACF of the MS. 
Modeling results showed the validity of this result at .F F< ∆  

IV. COMPARATIVE ANALYSIS OF TOTAL ACFS OF THE CCS-
LFM ENSEMBLE AND CYCLIC MS ENSEMBLE 

As we mentioned earlier, in space SARs, PCSK signals 
modulated in phase by truncated MSs were used as probing 
signals. However, in adjacent sensing cycles, for maximum 
ACF SL suppression depending on the necessary time for the 
aperture synthesis and other SAR parameters, MSs with 
different generating polynomials and/or different cyclic shifts 
were used [6]. 

The maximum SL suppression of the total ACF of the MS 
ensemble is achieved by utilization of the complete cyclic MS 
ensemble with the number of discretes in the pulse equal to its 
period, i.e., at MN N= . In addition, the adjacent MSs are shifted 
to each other for one element, and the number of MSs in the 
ensemble is equal to N. Then, for the total ACF of the complete 
cyclic ensemble of N MSs with the length of the one period, the 

following equation may be formulated: 
 

1
; 0,1,..., 1

N
i

m m
i

r r m N+

=

= = −∑ , (7) 

 
where i

mr  is non-normalized ACF of i-th MS. 

 
 

Fig. 4.  The ambiguity function of CCS 
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After formulating equations for ACFs of each of the N MSs 
and summing them up according (7), we will find out that 
 

( )( )m m N mr N m r r+
−= − + , (8) 

 

where 
1

N m

m n n m
n

r a a
−

+
=

= ∑  is the aperiodic ACF of the current part 

of the MS with the length of one period; 
1

m

N m n n N m
n

r a a− + −
=

= ∑  is 

the aperiodic ACF of the adjacent (from the right) part of the 
MS. 

It is known from [20] that the sum in (8) determines the 
periodic ACF of the MS with a period MN N= , i.e., 

p ,m N m mr r r−+ =  where p

1

N

m n n m
n

r a a +
=

= ∑  at 0,1,..., 1m N= − . It is 

also known that for MS p 1mr = −  at 1,2,..., 1m N= − . 
Thus, from (8) we obtain that 

 
( ) p

m mr N m r N m+ = − = − +  at 1,2,..., 1m N= − , (9) 

 
from which the normalized total ACF of the complete cyclic 
ensemble of MS is: 
 

2

1
m

m
R

N N
+ = − +  at 1,2,..., 1m N= − . (10) 

 
The SL level of the total ACF of the complete cyclic MS 

ensemble can be considered as the minimum possible limit. The 
lesser MSs the cyclic ensemble contains, the higher SL level of 
the total ACF is. We shall consider an ensemble consisting of 
four MSs shifted to each other for 128 elements to be the cyclic 
ensemble with the maximum SL level of the total ACF. 

Table 2 provides the values of the total ACFs of the complete 

cyclic ensemble of 511 MSs and the cyclic ensemble of 4 MSs 
for three AF sections with planes 0F = , 0.3F F= ∆  and 

0.5F F= ∆ . In this table, maxRΣ  and rmsRΣ  are the relative 
maximum SL level of the total ACF and the relative rms SL 
level of the total ACF, respectively. From Table 2 we can see 
that the maximum SL level of the total ACF of the complete 
cyclic ensemble is lower than the maximum SL level of the 
cyclic ensemble of four MSs more than by 15.5 dB, and for rms 
SL level – more than by 12 dB. 

Further, we will look at the values of the total ACF of the 
CCS-LFM ensemble. According to (3), there is a total of 

2 2kN =  CCSs formed from the adjacent AS pairs of the k–
order and forming the complete CCS ensemble with the number 
of discretes in the pulse 12kN += . 
 

TABLE 2 
VALUES OF THE TOTAL ACF OF ENSEMBLES OF 

511 MSS, 4 MSS AND 4 CCS-LFM 
 

F 0 0.3 F∆  0.5 F∆  

maxRΣ , dB 

4 MS -38.6 -39.9 -39.8 

511 MS -54.2 -55.5 -58.1 

CCS-
LFM 

-324 -30.7 -26.4 

z maxRΣ , dB -327 -43.5 -35.4 

rmsRΣ , dB 

4 MS -46.7 -46.7 -46.6 

511 MS -58.9 -59.7 -61.1 

CCS-
LFM 

-348 -57.3 -52.9 

z rmsRΣ , dB -345 -67.0 -59.3 

 
 

Fig. 5.  The ambiguity function of CCS-LFM 
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Modeling results show that the total ACF of the ensemble of 
four CCSs (with and without modulation of the discrete) with 
adjacent numbers in the complete ensemble has zero SLs along 
the whole time axis τ of the ACF. In this case, the number of 
the ensemble j of four CCSs with the number of discretes in the 
pulse being 12kN +=  is connected with the CCS number i in the 
complete ensemble of 2N  using the following equation: 
 

1 1
4

ij − = +  
; 1,2,...,2ki = ; 21,2,...,2 ,kj −=  (11) 

 
where z    is the integer part of the number z. 

Fig. 7 and 8 show the total ACF ( )RΣ τ  and the total AF 

( ),R FΣ τ  of 1j =  ensemble of four CCS-LFM with the 

number of discretes in the pulse 256N =  and the base 4b = , 
respectively. The off-duty factor is 2q = . 

 
 

Fig. 7.  Total ACF of the ensemble of 4 CCS-LFM 

 
 

Fig. 8.  Total AF of the ensemble of four CCS-LFM 
 

Table 2 also provides the values of the total ACF of the 
ensemble of four CCS-LFM under consideration for three AF 
sections with planes 0F = , 0.3F F= ∆  and 0.5F F= ∆ , and 
Fig. 9 shows the total ACF of the ensemble of four CCS-LFM, 
cyclic ensemble of four MSs and complete cyclic ensemble of 
511 MSs at mismatch in frequency 0.3F F= ∆ . In the Table 2, 

maxRΣ  and z maxRΣ  are relative maximum SL levels of the total 

ACF outside and inside of ZACZ, respectively; rmsRΣ  and 

z rmsRΣ  are relative rms SL levels of the total ACF outside and 
inside of ZACZ, respectively. 

It follows from Fig. 9 and Table 2 that in case of a mismatch 
by frequency 0.3F F= ∆ , the maximum and rms SLs levels of 
the total ACF of the ensemble of four CCS-LFM are less than 
the corresponding SLs levels of the total ACF of the ensemble 
of four MS. Modeling results showed the validity of this result 
at 0.35F F< ∆ . 

 

 
Fig. 6.  ZACZ of CCS, CCS-LFM and a part of the MS ACF at 0.3F F= ∆  
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V. CONCLUSION 
This paper addresses probing PCSK-signals (train type) 

having a zero autocorrelation zone (ZACZ) and called coherent 
complementary signals (CCS). We prove that such signals have 
ZACZ and determine requirements to the coding matrix. Since 
ZACZ exists for CCS at zero mismatch in the Doppler 
frequency only, and a mismatch in frequency causes rather a 
high side lobe level in ZACZ, CCS with additional frequency 
modulation of closed sub-pulses (discretes) of the train pulses 
under linear law (CCS-LFM) have been considered for possible 
suppression of the SL. A comparative analysis of the correlation 
characteristics of CCS-LFM and CCSs without modulation of 
discretes at mismatch in the Doppler frequency has been 
performed. For this, we have assumed the same quantity of 
discretes in the train pulses. Our analysis has shown that in case 
of a mismatch by frequency in ZACZ, the maximum ACF SL 
level of CCS-LFM is lower than the maximum ACF SL level  
of CCS more than by 6.5 dB, and the rms SL level – more than 
by 6 dB. We have also performed a comparative analysis of the 
correlation characteristics of CCS-LFM and CCSs without 
discrete modulation with PCSK-signal shift-keyed in phase by 
М-sequence, which has the same number of discretes in the 
pulse with the number of discretes in two pulses of the CCS 
train. The analysis has shown that in case of a mismatch by 
frequency 0.3F F= ∆  and 0.5F F= ∆ , the maximum and rms 
SLs levels of the ACF of the CCS-LFM in ZACZ are less than 
the corresponding SLs levels of the ACF of the MS. Modeling 
results showed the validity of this result at .F F< ∆  We have 
also performed a comparative analysis of the total ACFs of the 
CCS-LFM ensemble and the cyclic М-sequence ensemble at 
mismatch in the Doppler frequency. This analysis has shown 

that the total ACF of the ensemble of four CCSs (with and 
without discrete modulation) with adjacent numbers in the 
complete ensemble has zero SLs along the whole time axis τ of 
the ACF. The analysis has shown also that at mismatch in 
frequency in ZACZ, the maximum and rms SLs levels of the 
total ACF of the ensemble of four CCS-LFM are less than the 
corresponding SLs levels of the total ACF of the ensemble of 
four MS. Modeling results showed the validity of this result at 

0.35F F< ∆ . 
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V. CONCLUSION 
This paper addresses probing PCSK-signals (train type) 

having a zero autocorrelation zone (ZACZ) and called coherent 
complementary signals (CCS). We prove that such signals have 
ZACZ and determine requirements to the coding matrix. Since 
ZACZ exists for CCS at zero mismatch in the Doppler 
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high side lobe level in ZACZ, CCS with additional frequency 
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under linear law (CCS-LFM) have been considered for possible 
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characteristics of CCS-LFM and CCSs without modulation of 
discretes at mismatch in the Doppler frequency has been 
performed. For this, we have assumed the same quantity of 
discretes in the train pulses. Our analysis has shown that in case 
of a mismatch by frequency in ZACZ, the maximum ACF SL 
level of CCS-LFM is lower than the maximum ACF SL level  
of CCS more than by 6.5 dB, and the rms SL level – more than 
by 6 dB. We have also performed a comparative analysis of the 
correlation characteristics of CCS-LFM and CCSs without 
discrete modulation with PCSK-signal shift-keyed in phase by 
М-sequence, which has the same number of discretes in the 
pulse with the number of discretes in two pulses of the CCS 
train. The analysis has shown that in case of a mismatch by 
frequency 0.3F F= ∆  and 0.5F F= ∆ , the maximum and rms 
SLs levels of the ACF of the CCS-LFM in ZACZ are less than 
the corresponding SLs levels of the ACF of the MS. Modeling 
results showed the validity of this result at .F F< ∆  We have 
also performed a comparative analysis of the total ACFs of the 
CCS-LFM ensemble and the cyclic М-sequence ensemble at 
mismatch in the Doppler frequency. This analysis has shown 

that the total ACF of the ensemble of four CCSs (with and 
without discrete modulation) with adjacent numbers in the 
complete ensemble has zero SLs along the whole time axis τ of 
the ACF. The analysis has shown also that at mismatch in 
frequency in ZACZ, the maximum and rms SLs levels of the 
total ACF of the ensemble of four CCS-LFM are less than the 
corresponding SLs levels of the total ACF of the ensemble of 
four MS. Modeling results showed the validity of this result at 

0.35F F< ∆ . 
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Modeling results show that the total ACF of the ensemble of 
four CCSs (with and without modulation of the discrete) with 
adjacent numbers in the complete ensemble has zero SLs along 
the whole time axis τ of the ACF. In this case, the number of 
the ensemble j of four CCSs with the number of discretes in the 
pulse being 12kN +=  is connected with the CCS number i in the 
complete ensemble of 2N  using the following equation: 
 

1 1
4

ij − = +  
; 1,2,...,2ki = ; 21,2,...,2 ,kj −=  (11) 

 
where z    is the integer part of the number z. 

Fig. 7 and 8 show the total ACF ( )RΣ τ  and the total AF 

( ),R FΣ τ  of 1j =  ensemble of four CCS-LFM with the 

number of discretes in the pulse 256N =  and the base 4b = , 
respectively. The off-duty factor is 2q = . 

 
 

Fig. 7.  Total ACF of the ensemble of 4 CCS-LFM 

 
 

Fig. 8.  Total AF of the ensemble of four CCS-LFM 
 

Table 2 also provides the values of the total ACF of the 
ensemble of four CCS-LFM under consideration for three AF 
sections with planes 0F = , 0.3F F= ∆  and 0.5F F= ∆ , and 
Fig. 9 shows the total ACF of the ensemble of four CCS-LFM, 
cyclic ensemble of four MSs and complete cyclic ensemble of 
511 MSs at mismatch in frequency 0.3F F= ∆ . In the Table 2, 

maxRΣ  and z maxRΣ  are relative maximum SL levels of the total 

ACF outside and inside of ZACZ, respectively; rmsRΣ  and 

z rmsRΣ  are relative rms SL levels of the total ACF outside and 
inside of ZACZ, respectively. 

It follows from Fig. 9 and Table 2 that in case of a mismatch 
by frequency 0.3F F= ∆ , the maximum and rms SLs levels of 
the total ACF of the ensemble of four CCS-LFM are less than 
the corresponding SLs levels of the total ACF of the ensemble 
of four MS. Modeling results showed the validity of this result 
at 0.35F F< ∆ . 

 

 
Fig. 6.  ZACZ of CCS, CCS-LFM and a part of the MS ACF at 0.3F F= ∆  
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V. CONCLUSION 
This paper addresses probing PCSK-signals (train type) 

having a zero autocorrelation zone (ZACZ) and called coherent 
complementary signals (CCS). We prove that such signals have 
ZACZ and determine requirements to the coding matrix. Since 
ZACZ exists for CCS at zero mismatch in the Doppler 
frequency only, and a mismatch in frequency causes rather a 
high side lobe level in ZACZ, CCS with additional frequency 
modulation of closed sub-pulses (discretes) of the train pulses 
under linear law (CCS-LFM) have been considered for possible 
suppression of the SL. A comparative analysis of the correlation 
characteristics of CCS-LFM and CCSs without modulation of 
discretes at mismatch in the Doppler frequency has been 
performed. For this, we have assumed the same quantity of 
discretes in the train pulses. Our analysis has shown that in case 
of a mismatch by frequency in ZACZ, the maximum ACF SL 
level of CCS-LFM is lower than the maximum ACF SL level  
of CCS more than by 6.5 dB, and the rms SL level – more than 
by 6 dB. We have also performed a comparative analysis of the 
correlation characteristics of CCS-LFM and CCSs without 
discrete modulation with PCSK-signal shift-keyed in phase by 
М-sequence, which has the same number of discretes in the 
pulse with the number of discretes in two pulses of the CCS 
train. The analysis has shown that in case of a mismatch by 
frequency 0.3F F= ∆  and 0.5F F= ∆ , the maximum and rms 
SLs levels of the ACF of the CCS-LFM in ZACZ are less than 
the corresponding SLs levels of the ACF of the MS. Modeling 
results showed the validity of this result at .F F< ∆  We have 
also performed a comparative analysis of the total ACFs of the 
CCS-LFM ensemble and the cyclic М-sequence ensemble at 
mismatch in the Doppler frequency. This analysis has shown 

that the total ACF of the ensemble of four CCSs (with and 
without discrete modulation) with adjacent numbers in the 
complete ensemble has zero SLs along the whole time axis τ of 
the ACF. The analysis has shown also that at mismatch in 
frequency in ZACZ, the maximum and rms SLs levels of the 
total ACF of the ensemble of four CCS-LFM are less than the 
corresponding SLs levels of the total ACF of the ensemble of 
four MS. Modeling results showed the validity of this result at 

0.35F F< ∆ . 
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under linear law (CCS-LFM) have been considered for possible 
suppression of the SL. A comparative analysis of the correlation 
characteristics of CCS-LFM and CCSs without modulation of 
discretes at mismatch in the Doppler frequency has been 
performed. For this, we have assumed the same quantity of 
discretes in the train pulses. Our analysis has shown that in case 
of a mismatch by frequency in ZACZ, the maximum ACF SL 
level of CCS-LFM is lower than the maximum ACF SL level  
of CCS more than by 6.5 dB, and the rms SL level – more than 
by 6 dB. We have also performed a comparative analysis of the 
correlation characteristics of CCS-LFM and CCSs without 
discrete modulation with PCSK-signal shift-keyed in phase by 
М-sequence, which has the same number of discretes in the 
pulse with the number of discretes in two pulses of the CCS 
train. The analysis has shown that in case of a mismatch by 
frequency 0.3F F= ∆  and 0.5F F= ∆ , the maximum and rms 
SLs levels of the ACF of the CCS-LFM in ZACZ are less than 
the corresponding SLs levels of the ACF of the MS. Modeling 
results showed the validity of this result at .F F< ∆  We have 
also performed a comparative analysis of the total ACFs of the 
CCS-LFM ensemble and the cyclic М-sequence ensemble at 
mismatch in the Doppler frequency. This analysis has shown 

that the total ACF of the ensemble of four CCSs (with and 
without discrete modulation) with adjacent numbers in the 
complete ensemble has zero SLs along the whole time axis τ of 
the ACF. The analysis has shown also that at mismatch in 
frequency in ZACZ, the maximum and rms SLs levels of the 
total ACF of the ensemble of four CCS-LFM are less than the 
corresponding SLs levels of the total ACF of the ensemble of 
four MS. Modeling results showed the validity of this result at 

0.35F F< ∆ . 
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Fig. 9.  Total ACFs of the ensembles of four CCS-LFM (dashed line), four MSs (dotted line) and 511 MSs (solid line) at 0.3F F= ∆  
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Real-time Processing System for a Quantum
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Abstract—Quantum random number generators (QRNG) pro-
vide quality random numbers, which are essential for cryptogra-
phy by utilizing the unpredictable nature of quantum mechanics.
Advancements in quantum optics made multiple different archi-
tectures for these possible. As part of a project aiming to realize
a QRNG service, we developed a system capable of providing
real-time monitoring and long term data collection while still
fulfilling regular processing duties for these devices. In most
cases, hardware validation is done by simply running a battery
of statistical tests on the final output. Our goal, however, was to
create a system allowing more flexible use of these tests, realizing
a tool that can also prove useful during the construction of our
entropy source for detecting and correcting unique imperfections.
We tested this flexibility and the system’s ability to adequately
perform the required tasks with simulated sources while further
examining the usability of available verification tools within this
new custom framework.

Index Terms—quantum computing, quantum random number
generation, statistical testing.

I. INTRODUCTION

RANDOMNESS is used as a resource in a wide variety of
applications nowadays. Numerical simulations, as well as

several cryptographic use cases all, depend on quality random
numbers for reliable operation [1], presenting a need for
quality high-speed generation schemes. The inherently unpre-
dictable nature of quantum mechanics poses an attractive foun-
dation for potential solutions. While most quantum computing
applications apart from quantum key distribution [2] are still in
the experimental phase, quantum random number generation
is already well established, with existing commercial products
[3]. Advancements in quantum optics made many different
theorized realizations feasible [4], possibly leading to new and
better generation methods.

Under the framework of a Hungarian quantum technology
project, our goal is to realize a quantum random number
service which provides reliable random numbers. For this,
a physical entropy source has to be built, paired with an
adequate processing system to provide verified, quality output.
While most processing systems mainly only consist of a
single algorithm to extract a uniform output from the raw
data coming from the hardware, our goal was to create one
that can also realize real-time monitoring and collect long
term statistics, allowing it to also aid the development of the
physical architecture by providing a custom tool capable of
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detecting possible imperfections arising due to construction
mistakes. Part of this project, there are multiple proposed
physical entropy sources under construction currently. Our
main goal was to create a system that is capable of supporting
all of these. In this paper, we present one such system.
Furthermore, due to the required flexibility, our solution can
also be used with most other types of generators.

II. RANDOM NUMBER GENERATORS

A. Generation approaches

Generally, random number generators can be categorized
into two main groups: deterministically operating algorithm
based pseudo-random number generators (PRNG) and true
random number generators (TRNG), which utilize some phys-
ically proven nondeterministic phenomenon as their entropy
source. PRNGs are usually easy to use and can provide on-
demand high-speed bit generation, however, their deterministic
operation presents an exploitable vulnerability to potential
attackers [5][6]. Knowing a particular algorithm, it’s inner state
can be deducted after collecting a sufficiently large amount of
output data. Once this state is known, the operation of the
generator can be accurately simulated, all future and present
outputs can be predicted, thereby rendering them useless for
most use cases. To combat this, these generators can be used
in conjunction with other, more easily accessible, albeit worse
quality outside entropy sources [7], using their limited entropy
to reinitialize their inner state. In this mode, they effectively
function as randomness extractors (or more accurately random-
ness expanders) for weak entropy sources [8]. True random
number generators, on the other hand, have no such inner
state governing their operation. Each generated bit should be
independent. Typically, these generators work by sampling
some appropriate physical phenomena like radioactive decay,
photoelectric effects or noises like avalanche, thermal or shot
noise. The source of randomness for all of the mentioned
cases can be traced back to the laws of quantum mechanics.
This is good news, as quantum unpredictability has been
experimentally verified numerous times [9][10][11]. The main
challenge is the actual error-free construction and operation of
these generators. No unwanted unknown outside bias or noise
polluting the measurements is allowed. Another limiting factor
for this approach can also be speed. The examined state of
the underlying phenomena often can’t change instantaneously.
To avoid correlation between samples, adequate restrictions
to sampling frequency have to be enforced. Their operation
mode, therefore, is often referred to as ”blocking” compared
to the ”non-blocking” nature of PRNGs, meaning that for each
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