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Abstract— We consider the question of testing of quantum
gates as a part of the larger problem of communication through
circuits that use a variety of such gates. We argue that the correct
outputs for the basic input values to the two-qubit gate are not
sufficient to guarantee satisfactory validation of its workings for
all values. We present reasons why these gates may not be error
free, and as non-ideal gates they need to be tested for a wide
range of probability amplitudes, and we argue that the burden of
this additional testing is substantial. Experimental implementa-
tions of the controlled-NOT gate have substantial non-unitarity
and residual errors. Some analytical results on the complexity of
the problem of quantum gate testing are presented.

Index Terms— Non-ideal gates, quantum computing, quantum
information, testing a quantum gate

I. INTRODUCTION

HE problem of testing a quantum gate has no analog in the

classical world. Basically, the problem is this: To test a
quantum gaic we need certified quantum gates to gencrate all
possible inputs and since such gates are not available at this
time how are we to certify a gate that has been submitted for
certification? Put differently, physical implementations of the
gale will be lincar only over a restricted range ol inputs,
whereas quantum computing demands that the gates be
completely linear.

To understand the scope of the problem, note that a
quantum bit (qubit) @ |0) + A | 1) is different from a classical
bit in the sense that it is associated with arbitrary sets of

2 2
complex values of @ and b as long asla‘ +‘b‘ =1. The vari-
ables a and b are probability amplitudes and their mod squares
arc the probabilities of the component states associated with
the qubit. The process of interaction with the qubit causes it to

collapse to either ‘0> or |l> and, consequently, the amount of

information that can be extracted from a single qubit is one bit.
Unlike a classical state, a quantum state is a superposition of
mutually exclusive component states and an unknown quantum
state cannot be cloned. Quantum states are also characterized
by the Heisenberg Uncertainty Principle. Communication with
qubits is of interest to engineers because it represents the usc
ol polarization states ol light seen as a stream ol single qubits
which is appropriate in certain applications using very weak
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laser outputs. It is also of interest in the problem of quantum
cryptography which promises unbreakable security under cer-
tain conditions.

The theory of quantum gates is at the basis of quantum
computing [1] and just as the hardware for a classical com-
puter is constituted of circuits of logic gates, the practical
implementation of a quantum computer is as a circuit made of
quantum gates. The problem of testing a quantum gate is,
therefore, of interest beyond quantum communication.

In principle the problem of gate testing need not be too
restrictive il one can show that the gate works for the widest
range of inputs. But in reality the number of inputs to test for
increases exponentially as the assumed granularity of data

0 1
increases. Thus for the case of the Pauli-X gate , it is

not enough to show that the input |0) become ‘]) and vice

versa and one should be able to establish that the gate trans-
forms a|0)+b|1) into b|0) +a|l) for all possible comp-
lex values of a and b. To establish this requires that precise
values of can be generated for all & and » using some other
certified gate and then checking the output of the Pauli-X gate
being tested. One would need to either use other exacl gales Lo
steer the output state to one of the directional bases of the
measurement apparatus to confirm this, or to perform a quan-
tum tomographic analysis of the output statc [1] that will
eslablish it in a probabilistic sense. It would also be essential
to establish that the sum of the squares of the absolute value of
the probability amplitudes equals one at the output to ensure
that there is no dissipation within the system.

In this paper, we consider the question ol testing ol quantum
gates from the point of view of complexity. We consider
implications of a certain desired accuracy at the output of the
circuit for the corresponding accuracy of individual gates,
Since errors in a linear (or approximately lingcar) circuit add
up, the constraints on individual gates are higher than for the
overall circuit, Recent results on the experimental implementa-
tions of the controlled-NOT (which is the quantum analog of
the classical XOR gate in which the [irst bit is mod-2 added to
the second bit while leaving the first bit unchanged) and the
Toffoli gates (CCNOT or universal reversible logic gates)
have substantial non-unitarity and residual errors. Since these
gales cannol be completely error [ree, as non-ideal clements
they need to be tested for a wide range of probability amp-
litudes, and the burden of this additional testing is exponential
with respect to the number of qubits and quadratic with respect
to the desired precision.
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[I. QUANTUM COMPUTING USING GATES
Quantum computing has enriched computing theory beyond
classical techniques in doing Fourier transform [aster (albeit
the solution is not fully available), factorization in approxi-

mately log » rather than \/; steps, search for an item with a

specilic property in an unordered database in roughly \/;
rather than n/2 steps, solving Pell’s equation {.x2—17_112=1 ) in
polynomial time, and it has applications to cryptography [1].
But even in theory, quantum computing can only solve
problems where the solution amounts a rotation in an appro-
priate space (as in primality testing since integers form a multi-
plicative group). The allure of finding new problems that could
be shown to be solved faster by quantum algorithms and the
challenge of building quantum computing machines has made
the ficld popular amongst mathematicians and physicists. Tt has
also spurred research in materials science and in the expe-
rimental area for finding good candidates for implementing
quantum circuits,

Given this background, it is worthwhile to investigate
prospects for practical quantum computing. Soon after pro-
posals for quantum computing were advanced, it was agreed
that problems of decoherence and noise precluded physical
implementation of these computers [2]. The implementation
had to deal with the following dilemma: The computing system
should not interact with the environment lest it decohere, and
at the same time it should strongly and precisely interact with
the control circuitry. The question of direction of flow of in-
formation in a quantum circuit is also an issue. The presence
of the arrow of time implies that the system is in a state of non-
equilibrium and is, therefore, essentially dissipative [3]. Thus
quantum computing itself promotes decoherence and the
directionality of information flow implics correlation in the
resulting noise associated with the process.

To deal with errors, quantum error correction codes have
been proposed although they have not yet been physically
implemented. The implementation of these codes would de-
pend on the correct working of very many quantum gates, and,
therefore, testing and certifying quantum gates is essential to
their effectiveness. There are other questions related to the
assumptions under which quantum crror correction can be
effective, but these questions will not be considered here.

Fault-tolerant conceptual schemes assume that a system
could be built recursively (e.g. [4], page 40) where each noisy
gate is replaced by an ideal gate by the use of error correction
circuitry, but such an idea appears to be impractical. Even if it
is assumed that the errors are below a certain threshold, cor-
rection in the quantum context can work only if it is related to
a known state; in contrast, error correction in classical compu-
tation works lor unknown states. Certlain gate [aulls, which lie
outside of the set of assumptions underlying quantum error
correction, cannot be corrected [5].
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A non-recursive so-called Fibonacci scheme [6] has been
proposed as another approach to quantum error correction. But
it assumes the existence of perfect gates in the use of tele-
portation [or error correction. It also uses Bell states, that 1is
two-qubit states in which the qubits are maximally entangled,
the generation of which requires the existence of perfect gates.
The scheme also assumes that there are no gates with leakage
or correlated faults.

It is not possible for this to be true for the quantum case
because the unknown received state, for example, could be
al0y+b|1) or c|0)+e“d|1), with unknown a, b, ¢, d,
a, and if one did not know which onc of the two is the correct
state, one cannot know what operation is needed on the
received state. It may be argued that the initialized state in a
quantum computation is known [7], but that cannot be claimed
for the intermediate states in the quantum circuit, which would
also need to be provided with error correction.

Even assuming that the noise levels are below the threshold
associated with the Threshold Theorem and there are enough
crror-correction resources and the crrors arc not corrclated,
there would be the problem of errors introduced before the
error correction process begins. There is the additional prob-
lem of the presence of gauge states in quantum computing [8].

ITT. COMPLEXITY OF TESTING

Consider a circuit with & gates and » qubits at input and out-
put. Let the accuracy desired in the output qubits be expressed
by & quantization levels. This means that the error will be
e=1/8. For example, for the Pauli-X gate with a single qubit
al|0)+b]|1), both @ and b must be associated with & quanti-
zation levels making for a total of §” quantization regions.

Figure 1 represents the situation schematically where the
input probability amplitudes @ and b arc replaced at the output
by new values &~ and «”. We cannot assume that the circuit is
lincar over the entire range and, therefore, testing for each of
these regions is necessary.

al0y+h|1)

—»
Pauli-X Gate
b |0)+a* | 1)

Figure 1. Testing the X gate

Since a real gate will be dissipative to a degree and not be
lincar over the entire range, it also follows that the square of
the estimated probability amplitudes at the output will not

+2 £|2
a‘ +‘b #1.

equal 1. In other words,
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Theorem 1. The testing of a circuit with # qubits and 6 quan-
tization levels is associated with information of n+2 log 6.
Proof. A circuit of n qubits implies a total of 2" input lines.
Since cach of these lines has complex input so the total
number of quantization levels to be considered is 2"8%

Theorem 2. For a circuit with £ stages, the information as-
sociated with the testing of each stage is n+2 log kd.

Proof. Since noise is additive, the accuracy at each stage must
be k times better than for the entire circuit,

The amount of testing to be performed at each gate, there-
fore, is of the order of 2"k’8”, which is exponential in the
number of qubits and quadratic in the number of stages.

Thus for a quantum circuit with 20 qubits and 30 stages, and
a desired circuit accuracy of one percent, the amount of testing
to be done at each stage for the multi-qubit gate will equal 2*°
%307 x100°, Clearly, for the solution of any meaningful prob-
lem, which would require thousands ol gates, the constraints
on the accuracy of the individual units will be well-nigh im-
possible 1o achieve.

IV. EXPERIMENTAL RESULTS
ON QUANTUM GATE TESTING

DeMarco et al [9] present the best-known implementation ol

the controlled-NOT gate in which the qubits are the spin and
the internal energy (ground and second excited) states of a
’Be” ion. Table 1 presents the performance and we can see the
probabilitics do not sum to unity because these data represent
the results of four separate experiments.

The fact that checking the performance ol the gate in this
limited setting itself requires different experiments with dif-

ferent control conditions is symptomatic of the difficulty of

testing and it shows that the physical implementation cannot be
taken to be an ideal gate.

Table 1: Experimental results of controlled-NOT gate [9]

| T
=0 0.989 + 0.006 0.050 + 0.007
n=2 0.019 £0.007 0.968 = 0.007

The authors mention errors in the initial state preparation
and “limited gate fidelity” as contributing to the less than
perfect performance of the gate. Since the probabilities do not
add up to one, one can be sure that the behavior of the gate
has a dissipative component.

For ease of comparison with the standard gate transfor-
mation, one may rewrite the results of Table 1 by representing
the internal energy and the spin states in terms of the same
qubits as [ollows:

20

CNOT

100) —<¥"50.989|00) + 0.050 | 10)

CNOT

110)—9C 50.019|00) +0.968|11)

which may be idealized to
| 00> CNOT | 00)

| 10) CNOT s | 11>

Since we don’t expect the idealized transformation to be
achieved in practice, testing the gate for only two points for a
transformation whose range (in terms of the probability
amplitudes) is continuous over complex values in the range
(0,1) is unsatisfactory. This is like testing the transformation
y=x" for two values of x and taking that to be true for all
values.

The correctness of the transformation for two values cannot
be extended to other values because we do not know il the
experimental arrangement is fully quantum (as the gate is non-
ideal) and the influence ol the controlling circuitry cannot be
taken to be the same for all values of the probability ampli-
tudles.

In another implementation of the controlled-NOT gate,
based on a string ol trapped ions [10] whose electronic slales
represent the qubits where the control is exercised by focused
laser beams, the [idelily ol the gate operation was in the range
70 to 80% [11]. These were ascribed to laser frequency noise,
intensity fluctuations, detuning crror, tesidual thermal excita-
tion, addressing error, and off-resonant excitation. Clearly, this
method is not a promising candidate [or creating a precise
functioning controlled-NOT gate.

For another (c. 2008) optical fiber quantum controlled-NOT
gate [12], the authors claim an average logical fidelity of 90%
and process fidelity in the range 0.83 to 0.91. The cstimated
second range is broader because of the substantial errors in the
photon sources. Once again the performance is far from ideal.

It is important to note that although the name of the gate is
controlled-NOT, the transformation is not that of onc input
controlling the other in all cases of the input qubits.

As ex-ample, if the input state is %(| 0+ 1) 0)—| 1))

the output state is é(| 0)—|1))(|0)—| 1)), in which the first

qubit has been transformed under the influence of the second
qubit rather than the other way around. In general, we can
consider a contolled-NOT gate to be controlled by both the
qubits in some proportion, but this is clearly seen only if dif-
ferent superpositions of the qubits are considered.

To test a non-ideal controlled-NOT gate, we should be able
to show that:

al00)+b| 01 +c|10y+d|11)

CNOT

———a|00)+bH|0)+c|11)+d|10)
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within certain limits of error. In other words, the complex
amplitudes (a, b, ¢, d) should map into (a, b, d, ¢) with some
small error. It is true if the gate was ideal then testing beyond
the two cases of 10 and 11 would not be necessary. But since
any physical implementation of the gate would not be ideal,
one needs to check the working for the entire range of pro-
bability amplitudes to ensure that the errors are within the
acceptable threshold.

The testing of the physical gate operating on two qubits
requires that various (a, b, ¢, d) amplitudes be generated with
perfect fidelity, which requires that a perfectly functioning
two-qubit gate (that may be controlled-NOT gate) should al-
ready exist. Since each of the values (a, b, ¢, d) is complex and
over (0,1) and testing causes collapse to the components along
the measurement bases, certification that a quantum gate is in
perfect working order with no errors whatsoever is compu-
tationally impossible. It should also be noted that, in contrast,
the errors of classical gates are completely correctable.

To test a non-ideal controlled-NOT gate properly, we first
need a perfectly functioning controlled-NOT gate to generate a
variety of complex superpositions for two qubits. Current
experimental evidence on the implementation of the cont-
rolled-NOT gate indicate non-unitarity and substantial errors
that preclude useful implementations of quantum algorithms.

V. IMPLEMENTATIONS
USING SUPERCONDUCTING CIRCUITS

Recently, several studies have investigated the use of super-
conducting circuits for the implementation of quantum gates.
In one of these, the implementation of a Toffoli gate was done
with three superconducting fransmon qubits coupled to a mic-
rowave resonator [13] where the transmon is a type of super-
conducting charge qubit that has reduced sensitivity to charge
noise.

By exploiting the third energy level of the fransmon qubits,
the authors reduced the number of elementary gates needed for
the implementation of the gate (that requires six controlled-
NOT gates and ten single-qubit operations), relative to that
required in theoretical proposals using only two-level systems.
Such reduction should have improved the reliability of the
gates, but using [ull process tomography and Monte Carlo
process certification, the authors measured fidelity of only
68.5 4 0:5 per cenl.

Another study using superconducting circuits examines the
three-qubit code, which maps a one-qubit state 1o an entangled
three-qubit state [14]. The authors implement the correcting
three-qubit gate, the conditional-conditional NOT (CCNOT)
or Toffoli gate, with a 85%1% fidelity to the expected classical
action of this gale and 78 + 1% fidelity to the ideal quantum
process matrix. They also performed a single pass of both
quantum bit- and phase-flip crror correction with 76 + 0.5%
process fidelity.

In the above-mentioned studics the results, for the most
basic testing of the gate, are thus disappointing. One reason
behind this performance may be the statistical constraints that
need be satisfied [15].
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V1. COMPARING CLASSICAL AND QUANTUM PARADIGMS

The difficulties of gate testing are another manifestation of the
fact that the quantum compuling paradigm is [undamentally
different from the classical one. This may be seen in the
consideration ol quantum teleportation, which is transporting
an unknown quantum state to a remote location using Bell
states and classical communication. While mathematically it 1s
easy to show that quantum teleportation works, there is no way
one can certily that a given unknown state has been teleported
correctly. The pair of resource qubits in Bell correlation in the
experimental arrangement may not be correctly entangled and
the gates may also have errors. Furthermore, a customer may
not be sure that a specific quantum object supplied to him by
the Certification Authority is not entangled with some ather
object. The fact that quantum mechanics is not a theory of
individual objects but rather of collectives [16] has unexpected
conscquences for certification of transactions in an information
network.

A quantum system composcd of scveral subsystems can be
in an entangled state, in which the properties of the full system
arc well defined but the propertics of cach subsystem arc not
well defined. This is also the reason why it is difficult to
account for quantum mechanical cffects in biological system
[L7]-[20].

The difficulty of implementing quantum gates (and of test-
ing them) creates substantial burdens in the practical realiza-
tion of the quantum circuit model of computing. It is no won-
der that progress in physical implementations is limited and
there is no unanimity on what kind of physical qubits to use
[6].

Unlike classical computing, we cannot test the performance
of given quantum gates while using imprecise signal genera-
tors becausc the requirement of lincarity should hold over all
possible values [21]. The time taken for a gate to operate cre-
ates another complication in a concatenation of gates. For ex-
ample, the time taken was 63 ns in the superconducting circuit
implementation of a CCNOT gate. Furthermore, the gate times
are not constants and thus the propagation of qubits in the
quantum circuit will suffer from timing issues [22].

In a classical circuit the accuracy of individual gates can be
less than that of the entire circuit and we can create a reliable
circuit using relatively less reliable component gates [23]. The
extension of this for quantum processing is true in a very
restrictive sense. In quantum computing the threshold theorem
claims that a noisy quantum computer can accurately and
efficiently simulate any ideal quantum computation provided
that noise is weakly correlated and its strength is below the
critical quantum accuracy threshold. But there is no evidence
that errors in quantum gates fall below this threshold and that
noise is only weakly correlated [24]-[27].

Given that the sources of errors in the gates are many that
interact in a variety of modes, one might suppose that a thres-
hold is associated with an error parameter £ so that below g
the error is linear but above &, il becomes uncontrollable large.
Such a consideration is meaningful in classical computing
where one can estimaile in advance, or otherwise limil, the
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range of signals that drive the computation. No such limit can
be assigned [or quantum computing as the probability ampli-
tudes, in principle, have all possible values — with no cons-
traints on phase values — so long as their absolute value re-
mains less than onc.

VIL
We conclude that the representational difference between
classical and quantum states has the most profound impli-
cations for their circuit implementations. Mapping classical
bits into corresponding qubits increases the representation
space by virtue of the complex probability amplitudes that get
associated with the component states and their superposition.
While this provides advantages in the solution of certain
problems, it also creates new difficulties in the control and
testing of quantum hardware.

If using quantum circuits one can, in principle, solve an
exponential number of problems at the same time (although the
solution to only one of these may be accessed), it also in-
creases the size of the control space exponentially. The prob-
lems of controlling a quantum gate and testing it become
corrcspondingly harder. Quantum computing systems do not
scale. What quantum mechanics giveth by one hand, it taketh
away by another.

CONCLUSIONS
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